corresponding to one and two solitons and evaluate the energies. These provide information on the fluctuation spectrum of the AdS string and more generally its moduli dynamics.
It is useful to draw a parallel with an analogous construction found for the case of strings moving on R × S n . In the n = 2 case one had the association (due to Hofman and Maldacena [12] ) between solitons of sine-Gordon and magnons of the string. In [13] the moduli space description was presented, given by the N-body problem of Calogero (or Ruijsenaars-Schneider type [14] ). Our present work implies an analogous description in the case of AdS 3 .
Regarding Euclidean worldsheets, the Pohlmeyer reduction turned out to be very useful for construction of minimal surfaces relevant to the Alday-Maldacena construction [15, 16] . We review here a simple configuration based on the sinh-Gordon soliton which translates into a solution originally constructed by Berkovits and Maldacena [17] representing a cusp near the boundary of AdS space, which can be simulated by a Higgs field cutoff in Yang-Mills theory [18] . For the problem of constructing minimal surfaces in AdS it turns out that one needs not soliton but instanton type solutions of sinh-Gordon and more generally Toda equations. Contrary to solitons no exact techniques exist for the instanton case. We describe an approximate series method for construction of such solutions [7] .
The content of this review is as follows. In section two, we review the Pohlmeyer reduction of classical strings in AdS. In section three, we present the most general N-spike solution in AdS 3 associated with N solitons of sinh-Gordon. In the concrete examples of one and two solitons, we exhibit explicitly the corresponding one and two spike dynamical solutions. For these we show the relationship between soliton energies and the corresponding string energies and momenta. In section four, we discuss an interesting correspondence between solitons and cusps with Euclidean worldsheets. Finally, we give a series solution to the B 2 Toda equations which are relevant to the Pohlmeyer reduction in AdS 4 .
Pohlmeyer reduction
In general, sting equations in AdS d spacetime (in conformal gauge) are described by the non-compact nonlinear sigma model on SO(d − 1, 2). Defining the AdS d space as
where τ, σ are the Minkowski worldsheet coordinates, the equations of motion are
In addition to guarantee the conformal gauge we have to impose the Virasoro conditions
It was demonstrated a number of years ago (by Pohlmeyer [8] ) that nonlinear sigma models subject to Virasoro type constraints can be reduced to integrable field equations of sine-Gordon (or Toda) type. This reduction is accomplished by concentrating on SO(d − 1, 2) invariant sub-dynamics of the sigma model. The steps of the reduction were well described in [9, 4] and consist in the following. One starts by identifying first an appropriate set of basis vectors for the string coordinates
where
Defining the scalar field α and two sets of auxiliary fields
one can derive the equations of motion
In the case of AdS 3 , there is only one vector B 4 so that ∂u = 0, ∂v = 0. Therefore, the equation of motion for the scalar field α is simplified to be
This is the generalized sinh-Gordon equation with two (anti)-holomorphic functions u(z) and v(z). In order to get the standard sinh-Gordon equation, we first shift the field
and then do a (conformal) change of variables
such that the equation of motion forα satisfies
3 N-spike solution
We had the fact that the classical strings in AdS 3 can be reduced to a generalized sinh-Gordon model coupled to two arbitrary functions u(z) and v(z) which together represent a free scalar field. These functions are central to the string theory interpretation of the sinh-Gordon equation, they represent the freedom of performing general conformal transformations which are the symmetry of the conformal gauge string. The general solution to the sinh-Gordon equation (14) with N solitons is well known, it can be obtained by the inverse scattering method [6, 10] and written in the formα
where ζ is the spectral parameter and the components of wavefunction ϕ are
with the definitions
Here c k (0) and ζ k are two sets of constants related to the initial positions and momenta of N solitons. The inverse scattering method also gives us a procedure to generate string solutions from the soliton solutions of the sinh-Gordon equation. Essentially the sinhGordon configuration serves as a (time-dependent) potential in the Lax scattering equations with scattering wavefunctions. The string coordinates are then directly obtained from these wavefunctions. In this manner the Lax system provides an explicit mapping between the N-soliton sinh-Gordon solutions and the dynamical N-spike AdS string configurations. The fundamental one-to-one correspondence between the solitons/singularities of the sinh-Gordon field and spikes of the string solution was established in detail in our previous work [4] .
We now shortly summarize the construction of the classical string solutions. From the scattering problem associated with the Lax system one finds the scattering wavefunctions
where (φ 2 ±φ 1 )
The subscript ± corresponds to the ± signs before 1 2 . The second set of linearly independent wavefunction is found to be
Similar to (21) , the subscript ± corresponds to the ± signs before i 2 . The N-spike string solution is given by
Let us summarize the properties of the general solution constructed this way. This general string configuration is characterized by two arbitrary functions u(z), v(z) and a discrete set of moduli representing the soliton singularities (coordinates). After fixing the conformal frame only the soliton moduli remain giving a specification of the dynamical string moduli. These represent general motions of the spikes and their locations.
In general the sinh-Gordon singularities behave as particles and follow interacting particle trajectories. Through our explicit transformations this dynamics translates into the spike dynamics of the AdS 3 string. Concretely, given the trajectories of N solitons x i (t), i = 1, 2, · · · , N, we can in principle by direct substitution (25, 26) with σ i (τ ) construct the trajectories of N spikes by
where τ acts like the proper time. We therefore have a mapping where on the left hand side the index i labels the string spikes while on the right side it denotes the solitons/singularities. This construction is straightforward in principle, with the map provided by the known wavefunctions of the scattering problem.
One-spike dynamical solution
Now we focus on two simple examples where the energies can be explicitly evaluated. First, for one soliton, we choose the parameters to be
and v 1 is the velocity of soliton on the worldsheet.
2
This will correspond to the one-soliton solution of the sinh-Gordon equation
In terms of the worldsheet coordinates τ and σ, the string solution is given by
The momenta densities are calculated as
where λ is the coupling constant. One can explicitly check P σ t and P σ θ vanish asymptotically at σ = ±∞ as long as the string solution is regular. That is, in the singular case when v 1 = 0, we found nonvanishing momentum flow with τ dependence at the boundary of the string [4] .
By the current conservation ∂ τ P τ t,θ − ∂ σ P σ t,θ = 0, we can calculate the energy and angular momentum at any convenient τ . For instance, the energy and momentum densities at τ = 0 are simplified to be
−1/2 is the energy of the soliton. Introduce a cutoff Λ for the σ integration, up to the subleading term, the energy and angular momentum are
Therefore, the difference between E and S can be calculated as
Measuring the energy from the infinite GKP string, the dispersion relation can be written as [21] 
with the excitation energy
The inverse power in the soliton energy shows a similarity with the case of giant magnons on R × S 2 [12] where the excitation energy of the string (and the giant magnon) is equal to the inverse of the sine-Gordon soliton energy. 3 Here in the AdS case we find extra logarithmic terms pointing to a more complex dynamical system governing the spike dynamics in AdS as compared with R × S 2 .
Two-spike dynamics
Our next explicit example is for two solitons, where the parameters are chosen to be 
where X ≡ 2γσ, T ≡ 2vγτ . The exact expressions for the momenta densities are lengthy to write them down, but the leading terms at τ = 0 are
In the special case where v 1 = v 2 = v, the dispersion relation is
For different velocities, using the symmetric ρ regularization, we obtain the result
Following the definition of spike energy (40), the excitation energy of the two-spike solution is given by the sum of two individual spike energies
In the center of mass frame v 1 = v 2 = v, the energy is E 2 spike (ǫ) = 2E 1 spike (ǫ). For this special case, the result is also obtained in [21] .
Solitons and Cusps: Euclidean worldsheet
We have described in Introduction the relevance of Euclidean worldsheet solution. The simplest example of such a solution is the cusp near the boundary of AdS. We describe how this solution can be simply found from the one-soliton solution of sinhGordon using an Euclidean version of the inverse scattering method.
Start with AdS 3 metric in Poincaré coordinates
the single cusp solution sitting at the boundary r = 0 can be found using the ansatz y 0 = e s cosh θ, y 1 = e s sinh θ; r = e s w(s).
One can check explicitly that w(s) = √ 2 solves the equation of motion [3] . This single cusp solution can be regularized to some finite boundary at r = r c [17] with the same ansatz (49) while w(s) is now implicitly given by the equation
The cusp is approached at s → −∞. In many circumstances, the conformal gauge solutions are desirable [18, 19] . Choosing the ansatz
one finds that the functions f (τ ) and g(τ ) are solved to be
where the cusp is approached at τ = 0.
To develop the general method for constructing AdS string solutions in conformal gauge, we employ the technique developed in [4, 16] based on Pohlmeyer reduction and inverse scattering. Now for Euclidean worldsheets, all one needs to change is τ → −iτ . In the case of AdS 3 , the reduction map is given in terms of the embedding coordinates by
The equation of motion for the scalar field α(z, z) turns out to be
with a holomorphic function p(z).
In order to construct the string solution, one needs to solve two SL(2) scattering problems. Each of these problems has two linearly independent solutions ψ L α,a , a = 1, 2 and ψ Ṙ α,ȧ ,ȧ = 1, 2 which are normalized as ψ
The string solution can be written in terms of a combination of the wavefunctions
In a series of papers [4, 5, 6] , it is shown that solitons in the field theory correspond to cusps of the string. For the construction of the single cusp string solution (51), one uses the one-soliton solution of the sinh-Gordon equation
together with the holomorphic function p(z) = i/2. The Dirac wavefuntions are solved to be
.
The normalization conditions (58-59) lead to
One can choose the constants to be
such that the string solution
reduces to
which agrees with (51) in terms of Poincaré coordinates.
Series Method of the AdS 4 system
For the problem of constructing minimal area surfaces in AdS one requires more general solutions with Euclidean worldsheet. At the level of Pohlmeyer reduced Toda field theories these solutions correspond to instanton-type configurations. The inverse scattering techniques were very successful for a general construction of multi-soliton solutions but do not apply for the multi-instanton case. We have for that problem formulated an approximate technique in [7] , which is based on an asymptotic expansion at large distances with matching at short distances. The construction is nontrivial due to the fact that the required instanton type solutions come with specified singularities at the origin. In this case of AdS 4 , we have two sets of reduced fields u i and v i which are parameterized as
Defining a new field β(z, z) ≡ γ(z, z) + γ(z, z), the zero curvature condition implies the equations of motion for the scalar fields
After a shift of scalar field α(z, z) =α(z, z) + 
This is the B 2 Toda system of equations. The essence of the method that we will be following is to perform an expansion at large distance and then impose the short distance boundary condition (in this case the singularity condition). Even though this represents an extrapolation of the series solution from large all the way to small distance, the technique was known to give excellent results in the case of nonlinear soliton solutions.
We impose the boundary condition for the Toda system at infinitŷ
and generate the large distance expansion with the form
The first order solutions satisfying the boundary condition (79) are
whereρ ≡ √ 2ρ and a, b are integration constants. The second order solutions are written in terms of double integrals
The third order solutions are
where the source terms are 
